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Abstract

Long-horizon autoformalization of research mathematics fails not only at hard lemmas, but at scale:
statements drift, dependencies tangle, context decays, and local repairs corrupt distant work. We
present LeanMarathon, a multi-agent harness for reliable research-level Lean autoformalization. Its core
abstraction is an evolving blueprint: a Lean file that serves simultaneously as formal proof skeleton,
natural-language proof graph, and shared system of record. Four contract-scoped agents construct,
audit, prove, and repair this blueprint. These agents are coordinated by a two-stage orchestrator that
first stabilizes target fidelity through adversarial review and then discharges the proof directed acyclic
graph (DAG) from its dynamic leaves upward in parallel CI-gated rounds. LeanMarathon turns one
brittle multi-hour run into many local, recoverable, parallel transactions. We evaluate LeanMarathon
on two recent research papers spanning four Erdős problems (#1051, #1196, #164, #1217). Across
three autonomous runs, it formalizes all seven target theorems with no sorry , proving 258 lemmas and
theorems. These results show that reliable AI co-mathematics requires not only stronger provers, but
durable harnesses that preserve target fidelity across long mathematical developments. The code can be
found at https://github.com/YuanheZ/LeanMarathon.

1 Introduction
AI-assisted mathematics can be organized into three interlocking stages, as emphasized by Tao (2026): proof
generation large language models (LLMs), verification via Lean 4, and digestion by human. Generation by
LLMs has advanced fast, such as Aletheia (Feng et al., 2026; Zheng et al., 2026) and GPT-5 (Bubeck et al.,
2025). These agents can produce long natural-language proofs and solve open problems, subject to human
verification. Verification, the stage that turns such a natural language proof into a machine-checked artifact,
has kept pace only on isolated goals: a prover discharges one or multiple Lean 4 lemmas at a time. Verifying
an entire research paper remains largely open: every definition, lemma, and theorem must be formalized so
the whole argument type-checks with no sorry .

The difficulty is therefore not merely the formalization of one hard lemma. A research paper may
require hundreds of mutually dependent declarations, and these declarations must remain coherent while an
autonomous system repeatedly edits, checks, and repairs a growing Lean development. A local change to a
definition can invalidate distant proofs; a misformalized intermediate lemma can make downstream work
formally correct but mathematically irrelevant; and a seemingly successful repair can silently move the formal
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proof away from the intended theorem. Long-running autoformalization thus fails in ways that resemble
software-engineering failure as much as theorem-proving failure: stale context, dependency tangles, statement
drift, and repairs whose effects are hard to localize.

Automating this verification stage is important for two reasons. First, machine-checked formalization,
e.g., Lean 4, is the strongest available guarantee that an AI-discovered proof is correct rather than merely
plausible. It is therefore a prerequisite for making AI-assisted mathematics reliable enough to accelerate
research at scale. Second, formalization can also support proof digestion. Since a Lean proof records a
proof at a very fine level of detail, it can be translated back into natural language at multiple resolutions: a
high-level overview for orientation, a structured proof outline for learning, and a fully detailed derivation for
verification. This suggests a future form of mathematical textbook in which the same formal artifact supports
both machine checking and human-facing explanations at different levels of granularity.

For research-level formalization, the core bottleneck is formalization shifts. The limiting factor is not (just)
the model’s capability on a single goal but its agent durability : whether an autonomous system stays coherent
across a multi-hour run, preserves the intended target, calibrates the failure state, and keeps one wrong
decision from corrupting the rest of the proof. This differs significantly from textbook formalization (Wang
et al., 2026; Gloeckle et al., 2026) that provides the agent with a fine-grained blueprint of the full reasoning
pipeline then the agent’s core task is to translate this existing blueprint into formal Lean code, rather than
to discover the logical structure of the reasoning itself. In research-level formalization, no such blueprint is
available in advance. The only fixed anchors are the terminal target theorems specified by human researchers.
The source proof, whether written by humans or generated with AI assistance, may contain noise, implicit
steps, gaps, or even errors.

This absence of a trusted fine-grained proof plan creates two pervasive failure modes. The first is goal
drift, where the agent’s intermediate reasoning gradually deviates from the logical path required to prove the
target theorem, resulting in a formally correct but irrelevant reasoning graph; The second is lost-in-the-middle,
where the agent becomes trapped in an exponentially growing space of unproductive subproblems, unable
to navigate back to the core target or prioritize high-impact intermediate steps. Both failure modes are
relatively muted in textbook settings where the proof graph is supplied, but they become central in research
settings where the system must discover, maintain, and repair the graph itself.

A monolithic agent asked to read the paper, design the formal skeleton, prove the lemmas, diagnose
failures, and repair its own mistakes is fragile. A single defect such as missed hypothesis, drifted statement,
or confident but wrong repair can invalidate hours of downstream work with high risk of context rot. The
question addressed in this paper is therefore not simply how to make an LLM prove a Lean goal, but how to
design a multi-agent harness that makes long-horizon Lean autoformalization of research mathematics legible,
recoverable, and resistant to drift. More generally, our work explores the possibility of autoformalization of
research mathematics via harness design if the related Lean library (e.g., Mathlib) is sufficient and complete.

1.1 Contributions
We propose LeanMarathon, a multi-agent harness for long-horizon Lean autoformalization of research
mathematics, exemplified by Erdős problems (#1051, #1196, #164, #1217) from two recent papers (Barreto
et al., 2026; Alexeev et al., 2026). At its center is the blueprint : a single Lean file that is at once a formal
proof skeleton and a natural-language proof graph. Each lemma or theorem is a node pairing a Lean
type with the LaTeX statement and proof it formalizes; when one node’s proof invokes another, it induces a
directed dependency edge. These nodes and edges form the proof directed acyclic graph (DAG) that every
agent reads, extends, and repairs (definitions are shared global context, not nodes). The formalization is
complete when every node carries a Lean proof and the file type-checks with no sorry . We expect the
proof DAG as well as harness design for long-horizon autoformalization follows four principles:

• Decompose with dynamic proof DAG. The initial decomposition is uncertain, so the system never
freezes it. It generates the DAG and then lets it evolve, splitting an over-large node or repairing a
misformalized one, until each piece is small enough for one agent to discharge.

• External or deterministic verification. No agent judges its own output. The progress is decided
by the the deterministic verifier and external agents, not by an agent’s self-assessment, which avoids
potential formalization drifts.
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Figure 1: Overview of LeanMarathon.

• Restrict tools scope. Each agent is expected to edit only a bounded region. Constraining the action
space calibrates the agent’s trace, so the worst outcome of a mistake is a rejected patch rather than
corruption of another agent’s state.

• Informalize while formalizing. Each node keeps its LaTeX prose beside its Lean type. This keeps
the artifact human-readable and also guards against drift: the verifier enforces parity between the prose
dependency graph and the elaborator’s, so the natural-language and formal graphs cannot silently
diverge.

Fig. 1 shows how LeanMarathon instantiates these principles. Four contract-scoped agents share the
blueprint, each with a narrow input, a single output, and a bounded edit scope. The Blueprinter reads
the source proof and the canonical target statements and writes the initial skeleton, with every statement
type-checking and every proof body a sorry placeholder. The Target-Reviewer audits that skeleton
for fidelity, checking that each Lean type states the theorem the paper intends, and files an issue on any
mismatch. The Worker discharges one node behind a quality gate, proving its body inside a frozen local
region. The Refiner collects open issues and repairs multi-node defects in one pull request (PR) per round.

These agents are coordinated by a two-stage orchestrator. Stage 1 runs an adversarial review loop between
the Target-Reviewer and Refiner until the target statements are certified as faithful. Stage 2 repeatedly
extracts the current proof DAG, identifies dynamic leaves whose dependencies have already been proved,
and assigns them to Workers in parallel. All pull requests pass through a deterministic CI gate before
reaching main ; passing non-conflicting PRs are squash-merged independently as their checks complete. The
contributions of this paper can be summarized as below.

• We identify agent durability as the central bottleneck in research-level autoformalization, and
characterize three failure modes any long-running agent exhibits. Coherence loss: the task is globally
coupled, like Sudoku, where every step must respect the whole proof, so a monolithic agent turns
myopic and robs one part of the proof to patch another. Self-evaluation bias : asked to evaluate its own
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output, the agent appears to be overly confident. Irreversibility : once the work drifts from the target,
the agent cannot recover it, and the damage compounds across the rest of the proof. A single agent will
always make such errors, so the design goal is not an infallible agent but a system of fallible agents in
which no one error spreads: fault containment. We realize it through four contract-scoped agents and
a two-stage orchestrator that separates adversarial target review from parallel proof discharge, turning
one brittle multi-day run into many short, recoverable, parallel ones.

• Our core formulation is the dynamic proof DAG: one blueprint that is at once a formal Lean skeleton,
a natural-language proof graph, and the shared system of record. The harness never freezes the initial
decomposition; instead it grows and repairs the DAG and discharges it from its dynamic leaves upward
in parallel. Holding this moving graph coherent is the job of the whole harness, enforced concretely by
deterministic CI gate and encoded into the contracts of agents.

• We evaluate LeanMarathon on research-level Erdős problems for autoformalization. Across two
2026 papers spanning four Erdős problems (Barreto et al., 2026; Alexeev et al., 2026), LeanMarathon
formalizes all seven target theorems with no sorry , proving 258 lemmas and theorems in total.
A commercial single-agent baseline (Achim et al., 2025) fails on both papers after tens of hours.
LeanMarathon localizes failures to individual nodes and keeps incorrect early formalizations from
silently consuming downstream prover compute.

1.2 Related Work
Autoformalization and neural theorem proving. Early systems prompt an LLM to translate state-
ments (Wu et al., 2022) or to draft informal proofs into formal sketches (Jiang et al., 2023), and later work
scales paired data and Lean-specific translators (Ying et al., 2024; Gao et al., 2025). In parallel, neural
provers search for proofs: tactic models trained on proof data (Polu & Sutskever, 2020; Han et al., 2022), tree
search (Lample et al., 2022), premise retrieval (Yang et al., 2023), interleaved informal reasoning (Lin et al.,
2025a), reinforcement learning from proof-assistant feedback and subgoal decomposition (Xin et al., 2024;
Ren et al., 2025), self-correction from compiler errors (Lin et al., 2025b), and large reasoning provers (Wang
et al., 2025; Chen et al., 2025). The targets which can be formalized by these systems are at most IMO-level.

AI for research-level mathematics. Recent systems push AI from competition problems toward open
research questions. AlphaProof reached olympiad-medal level by proving in Lean with reinforcement
learning (Hubert et al., 2026), while AlphaGeometry (Trinh et al., 2024) and AlphaEvolve (Novikov et al.,
2025) attack open problems through specialized or evolutionary search, though their outputs are constructions
and programs, not machine-checked proofs. Benchmarks confirm the distance to research difficulty (Glazer
et al., 2024). General models now contribute steps to live mathematics: a Gemini system surveyed hundreds
of Erdős problems (Feng et al., 2026) and GPT-5 produced new results with mathematicians (Bubeck et al.,
2025). Both episodes drew scrutiny over whether claims were proved or merely retrieved, which is exactly what
a formal proof settles (Tao, 2025; Bloom, 2026). AlphaProof Nexus (Tsoukalas et al., 2026) is an evolutionary
Lean proof-search system: prover subagents edit marked regions of Lean sketches, invoke AlphaProof on
subgoals, validate candidates, and use rater agents with a population database to select promising sketches,
resolving 9 of 353 Erdős problems and 44 of 492 OEIS conjectures. In contrast, LeanMarathon targets
paper-level autoformalization: it builds an audited blueprint DAG from source and proves the resulting
multi-result Lean development bottom-up.

Autonomous formalization agents and large-scale formalization. A wave of 2025 and 2026 systems
formalize at the scale of whole results or papers, the regime LeanMarathon targets. AxiomProver (Axiom
Math, 2025), Gauss (Hariharan et al., 2026), and Aristotle (Achim et al., 2025) are capable to formalize papers
but they are fully close-source company products. However, we have no clues about such harness design.
Besides, large-scale community projects are growing: the Polynomial Freiman-Ruzsa conjecture (Dillies
et al., 2023), the Liquid Tensor Experiment (Scholze, 2022), Fermat’s Last Theorem (Buzzard et al., 2024),
Carleson’s theorem (Becker et al., 2024), the Equational Theories Project (Bolan et al., 2025), statistical
learning theory (Sonoda et al., 2025; Zhang et al., 2026b), and reinforcement learning theory (Zhang, 2025).
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We present LeanMarathon in two parts: its infrastructure design in Section 2 which introduces the
blueprint and the agents that act on it, and then the orchestration that drives them to be a multi-hour,
parallel autoformalization recoverable and resistant to drift in Section 3. Section 4 provides the experimental
evaluations. The conclusion is drawn in Section 5.

2 Harness Infrastructure
This section covers our harness’s fundamental ingredients. Section 2.1 describes the blueprint format we
use. Section 2.2 then introduces the four contract-scoped agents that maintain the blueprint, each owning a
well-separated task, skilled workflow, and bounded edit scope.

2.1 The Blueprint as the System of Record
The central artifact in our harness is the blueprint, a Lean file, that serves simultaneously as a formal proof
skeleton, a natural-language proof graph, and the task interface exposed to agents. All durable mathematical
state is stored in this file: theorem statements, intermediate lemmas, definitions, prose explanations, and
declared proof dependencies. Agents may read, prove, review, or repair parts of the blueprint, but they do
not maintain any hidden shared memory outside it.

Each mathematical node in the blueprint is represented by a Lean declaration annotated with structured
metadata, in the format of LeanArchitect (Zhu et al., 2026): the blueprint metadata lives in an in-source
@[blueprint ...] attribute, and the dependency graph and sorry -status are inferred from Lean’s

elaborator. This complements the original blueprint methodology (Massot, 2020). A typical proof node has
the form:

@[blueprint "lem:weighted-tail-bound"
(statement := /-- LaTeX statement text -/)
(proof := /-- LaTeX proof prose with \cref{...} citations -/)
(title := /-- one-line LaTeX title -/)
(latexEnv := "lemma")]

lemma weighted_tail_bound ... : ... := by
sorry_using [aux_lemma_one, aux_lemma_two]

The Lean declaration gives the formal statement that must type-check. The statement field records the
corresponding mathematical statement in LaTeX. The proof field records the natural-language proof
sketch, including explicit references to earlier nodes. The title and latexEnv fields provide presentation
metadata and allow the verifier to check that the Lean declaration and the prose environment agree.

Proof nodes may have one of three proof-body states: unproved, unproved but with a dependency list,
and proved. A node may be unproved, written as by sorry ; it may be unproved but equipped with an
intended dependency list, written as by sorry_using [...] ; or it may contain a complete Lean proof.
Definitions are treated as global context and are not proof nodes in the dependency DAG. The proof DAG is
formed only from lemma and theorem declarations. Note that, \cref{...} citations in the LaTeX prose
are not decorative: the verifier extracts the actual proof dependencies via Lean’s elaborator metadata and
enforces two-way parity between the \cref edges and the elaborator’s edges. The blueprint obtains the
property that the natural-language graph and the typed graph cannot drift apart: a PR that lets either side
disagree with the other is rejected before it merges.

2.2 Contract-Scoped Agents
Our harness decomposes research-level autoformalization into four contract-scoped agents: the Blueprinter,
the Target-Reviewer, the Worker, and the Refiner. Each agent owns a narrow interface, a bounded
edit scope, and a specific failure mode that it is designed to expose or contain. Table 1 summarizes the four
agents along these axes.
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Table 1: The four contract-scoped agents. Only the Blueprinter and Refiner are given the source proof;
the Target-Reviewer and Worker see only the canonical statements and the blueprint. Every PR reaches
main only through the CI verifier.

Agent Input Output Allowed edits Failure mode

Blueprinter source proof, canon-
ical statements,
blueprint

PR writes the whole skele-
ton, bodies as place-
holders

poor decomposition, i.e.
a large repair radius

Target-Reviewer canonical statements,
blueprint

issue/None none (read-only) a misformalized target: a
valid but wrong theorem

Worker canonical statements,
blueprint

PR/issue the node’s prose, its
proof body, its local
refinement region

a local proof failure, or
silently proving a misfor-
malized node

Refiner source proof, canoni-
cal statements, open
issues, blueprint

PR one connected illness
sub-DAG

blueprint drift and source
gaps

This separation is essential: a single agent asked to design the proof graph, judge its own fidelity, discharge
proofs, and repair global errors has no reliable mechanism for detecting its own drift. In our harness, every
agent produces an externally checkable artifact, and every artifact is accepted only through the verifier.

2.2.1 Blueprinter

The Blueprinter converts the source proof and the canonical target statements into the initial blueprint.
Its job is not to prove the paper but to choose a decomposition of the argument that is faithful enough for
later review and local enough for later repair. A good blueprint should isolate mathematical commitments so
that, if one statement is later found to be misformalized, the number of downstream declarations that must
be changed is small.

We frame the Blueprinter’s job as a repair-radius optimization problem: draft an initial blueprint
which minimizes the expected number of declarations that must change if one declaration turns out to be
wrong. The decomposition follows a published rubric via decomposition.md . The Blueprinter writes
every proof body as sorry or sorry_using , and delivers a single PR to merge the blueprint into the
main branch. The agent is supposed to exit after PR creation, then the stop hook is triggered to monitor

the merge status. If merge fails, the stop hook will block the exit, serve a resume instruction with CI run’s
job logs. Mathematical repair of the source is explicitly out of scope, the agent’s job is to isolate it, not
to fix it. This boundary design provides a clear separation with later Refiner and allocate more agent’s
workloads for decomposition. The in-workspace knowledge-store layout of Blueprinter is given in Fig. 6
from Appendix A.

2.2.2 Target-Reviewer

The Target-Reviewer audits the blueprint before large-scale proving begins. Its role is to prevent the most
expensive failure mode in research-level autoformalization: proving a formally valid Lean theorem that is
not the theorem intended by the source paper. For instance, if a root theorem statement is misformalized,
every lemma the Worker proves afterwards is wasted compute, so an early certification at the roots is
what makes later orchestration loop more productive.

For every target theorem, the Reviewer compares three objects: the canonical target statement, the
LaTeX statement stored in the blueprint, and the Lean type. It checks whether they express the same
mathematical claim, with the same hypotheses, quantifiers, definitions, and conclusion.

The Reviewer is not allowed to edit the blueprint. A clean review allows our harness to enter the
proof-discharge stage. A failed review produces a grouped issue describing the suspected mismatch and the
affected nodes; the issue is then handled by the Refiner.
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A Worker is assigned one proof node whose declared dependencies
have already been proved. Its job is local: either prove the assigned
Lean statement or report why the node should not yet be proved.
The Worker proceeds through four ordered phases, see Fig. 3.

Phase 1: Misformalization audit. The Worker first treats the
Lean type as a suspect specification. It compares the Lean statement
with the blueprint prose, checks why the node exists, identifies which
downstream nodes use it, and verifies that the statement provides the
fact those downstream nodes need. If the type is missing a hypothesis,
states the wrong conclusion, uses an unsuitable abstraction, or does
not match its intended role in the proof DAG, the Worker stops
and files an issue.

Phase 2: Cheap falsification. When the claim admits finite,
numerical, or boundary-case testing, the Worker attempts to refute
it before spending prover compute. Failure to find a counterexample is
not treated as a proof; it is only a low-cost sanity check. A discovered
counterexample or suspicious boundary case is reported as an issue.

Phase 3: Statement polish. If the Lean type passes the first two phases, the Worker may edit only the
node’s prose fields: the LaTeX statement, title, and proof text. The goal is to make the natural-language
text describe the Lean statement exactly, neither stronger nor weaker.

Phase 4: Formalization. The Worker then attempts to replace the placeholder body with a complete
Lean proof. The Lean type of the assigned node is frozen throughout this phase. The Worker may introduce
fresh helper lemmas only inside the local refinement region immediately before the target node. These helpers
must precede the target, depend only on already visible declarations or earlier local helpers, and terminate at
the assigned target. If Worker cannot complete the formalization within all boundaries, then it needs to
file an issue with clear evidence to exit.

During formalization, The Worker’s edit scope is mechanically enforced via an editing MCP server built
by patching Codex’s apply-patch tool, illustrated in Fig. 2. It may edit the assigned node’s prose fields,
its proof body, and its local refinement region, but not the Lean type of the target or unrelated blueprint
nodes. This restriction makes parallel formalization safe: different Workers operate on disjoint editable
regions, so successful patches commute by construction, while failed attempts become rejected local patches
or diagnostic issues rather than global corruption. To be specific, the Lean file is partitioned around the
assigned target node T into frozen and editable spans:
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-- previous node ends here
-- BEGIN editable local refinement area for T
@[blueprint "lem:X" ...]
lemma X ... := by
...

@[blueprint "lem:Y" ...]
lemma Y ... := by
...
-- END editable local refinement area for T
@[blueprint "lem:T" -- frozen

(statement := /-- editable -/)
(proof := /-- editable -/)
(title := /-- editable -/)
(latexEnv := "lemma")] -- frozen

lemma T ... : ... := by -- frozen
-- editable proof body

This harness design makes the parallel multi-agent loop against the same frozen substrate commit works.
Workers acting on disjoint editable regions produce patches that commute by construction so PRs can land
in any order without merge conflict. Within its editable region, the Worker may grow a local refinement
DAG consisting of fresh helper nodes before the target node which is the unique terminal, which aims to
overcome the possible risk of under-decomposition brought from Blueprinter or Refiner.

2.2.4 Refiner

The Refiner repairs blueprint-level defects reported by the Target-Reviewer or Workers. Unlike a
Worker, which is restricted to one proof node, the Refiner can edit the whole blueprint since a defect
might affect multiple declarations.

Given the open issue(s), the Refiner first identifies the affected region, called the illness area: the
smallest connected sub-DAG that must be inspected or changed to resolve the defect. We develop an MCP
server called dag-tracker for agent to call for live parent/child identification.

The Refiner classifies each defect as either blueprint drift or a source gap. Blueprint drift means
that the Lean blueprint has diverged from the source proof: for example, a statement was misformalized, a
dependency was wrong, or the prose no longer describes the Lean declaration. A source gap means that the
source proof itself is incomplete, ambiguous, or false at the level required for formalization. During the repair
phase, the proof bodies are governed by the following decision tree node by node:

Is the node NEW or EXISTING?
NEW: body as placeholder
EXISTING: what is the current proof body’s shape?

placeholder: keep and align with new dependency set if prose changed.
complete tactic proof: still compiles after repair?

YES: preserve the complete proof body byte-identical to the input blueprint.
NO: wholesale-replace with placeholder

Compilation is decided by Lean compiler, never by the agent. Wholesale replacement is recorded in the
PR summary and never negotiated. There is no path that lets the Refiner partial-edit a complete proof
body. Although a downstream Worker needs to prove the downgraded node again, the discipline keeps the
Refiner’s blast radius proportional to the issues it is closing, not to the file it is editing. Furthermore, the
source gap should be fixed via reasoning and the new solution should be updated in the LaTeX fields.

8



source proof
(e.g., paper.tex)

+ target statements
Blueprinter CI Target-

Reviewer

grouped issueRefiner

PR

finding
PR

Stage 2

Figure 4: The orchestration of stage 1.

3 System Orchestration
After introducing harness infrastructure, we are ready to discuss our system orchestration in two stages. The
first stage constructs and audits a faithful blueprint before formalization begins. The second stage discharges
the proof DAG through parallel, CI-gated proof attempts.

3.1 Stage 1 – Cold Start and Target Review
We frame this stage as a nested Ralph-Wiggum loop, shown in Fig. 4, which is designed to digest the
input natural language source into an initial Lean blueprint.

The Blueprinter produces an initial Lean blueprint in which all declarations elaborate and all proof
bodies are placeholders which must pass the CI gate. The Target-Reviewer then compares the theorem
nodes against the canonical targets and the blueprint’s own LaTeX and Lean.

If the review is clean, our harness proceeds to Stage 2. If the Reviewer finds a target mismatch, missing
hypothesis, incorrect dependency, or other blueprint-level defect, it files a grouped issue. The Refiner
repairs the affected region and submits a repair PR. After the PR passes CI and merges, the Reviewer runs
again. Stage 1 terminates only when the target review exits clean.

3.2 Stage 2 – DAG-orchestrated Loop
Stage 2 proves the blueprint via the pipeline in Fig. 5. Each round starts from the current main branch,
which is the system of record. The orchestrator extracts the proof DAG from the blueprint and identifies the
current dynamic leaves: unproved proof nodes whose dependencies have already been proved.

The orchestrator assigns each dynamic leaf to an independent Worker. Every Worker receives the
same frozen substrate commit and a mechanically restricted editable region around its target node. Workers
run in parallel. A successful Worker submits a proof PR; otherwise it files an issue instead.

Proof PRs are accepted only by the CI gate.Passing PRs are merged into main; failing PRs are rejected
with diagnostics. After all Workers in a round have finished, the Refiner processes the accumulated issues,
submits repair PR through the same CI gate, and updates the blueprint if the repairs pass.

Our harness repeats these rounds until every proof node in the DAG has a complete Lean proof. At
termination, the main branch contains a fully proven blueprint with no remaining placeholders.

Why direct merge, not Github auto-merge. The orchestrator merges via gh pr merge –squash
directly, not gh pr merge –auto –squash . Auto-merge requires a pending required check (branch pro-
tection) and serialises across parallel PRs, i.e., only the first PR to finish CI can enable auto-merge, and a
later parallel PR finds main has moved and the GraphQL mutation refuses. Direct merge needs no pending
check and lets every non-conflicting parallel PR land independently as its own CI completes.

3.3 Sustaining hours-long runs
The following composable properties keep a multi-hour run resumable without drift.
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CI verifier as continuous integration The CI verifier is the single gate for any merge request to
main branch. The verifier encodes the blueprint contract ( blueprint-format.md ) as the following seven

executable checks:

1. Lean compilation: every diagnostic must be either none, or declaration uses ’sorry’ warning.

2. Node well-formedness: every @[blueprint] attribute has non-empty statement / title /
proof fields. Placeholders are multi-line by followed by sorry or sorry_using . Incomplete

proof body is prohibited.

3. latexEnv consistency: the Lean keyword and the latexEnv field must agree (e.g. lemma ↔ lemma ,
theorem ↔ theorem ).

4. Label-name normalization: blueprint labels like lem:foo-bar normalize ( - → _ ) to the actual
Lean name.

5. Unique labels: each blueprint node’s Lean naming should be unique.

6. Proof-dependency parity: Based on the proof DAG exatracted via Lean’s elaborator metadata, a
two-way parity then requires every Lean dep to be \cref -cited in the prose and every \cref{lem:_}
or \cref{thm:_} to be a Lean dependency. sorry_using references additionally must precede the
citing node in file order and must point at proof nodes only. We treat the definitional nodes as global
context which are intentionally excluded from the proof DAG.

7. Lemma closeness: every lemma must be cited by some later lemma or theorem ; a theorem
is a target claim and is treated as a terminal sink, allowed to have no children. Equivalently, every
non-terminal node of the proof DAG must have positive out-degree toward a target, so no lemma is
an orphan that feeds nothing. Inspired by the logical closeness defined by Zhang et al. (2026a), which
requires every non-sink node of a reasoning DAG to have positive out-degree, this check is a structural
guard against task drift: an orphan lemma is exactly the footprint a drifting agent leaves when it proves
machinery absent from the source, the failure mode that stalled our earlier harness (Section 4.7).

Either successful or failed verification triggers an upserted PR comment for live feedbacks. These checks
are deliberately structural rather than stylistic/semantic. Lemma closeness in particular is the structural
counterpart to feeding the Refiner the source proof (Section 2.2.4): source-anchored repair realigns proof
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content to the paper, whereas lemma closeness enforces goal-directedness on the dependency graph alone,
mechanically and without reading the mathematics.

This harness does not try to prescribe the exact tactic script a Worker should discover; instead, it
enforces the interfaces that make independent agents composable. Formal statements must compile, prose
citations must match proof dependencies, graph edges must be visible and acyclic, and every pull request
must preserve the blueprint as a coherent system of record. This is the main methodological advantage of
our harness: it converts long-running agent work from an opaque sequence of prompts into a set of small,
recoverable, mechanically checked transactions.

Stop-hook-driven self-recovery. Each PR-enabled agent’s stop hook runs after the agent declares itself
done. The hook validates delivery.yml as the terminal-delivery record; if the agent opened a PR, the
hook polls GitHubfor either a successful merge or a CI failure. On a CI failure the hook extracts the verifier’s
upserted comment and the raw failed-job logs as context inside the worktree, and blocks the agent with a
templated debug-fix-push instruction.

Bounded scope, deterministic enforcement. Every agent receives a contract that names the spans of
the workspace it may edit. The contracts are not advisory: the apply-patch MCP server rejects every
patch to a frozen span, the read-only Codex sandbox rejects every constructive operations, and the
CI path-allowlist rejects every PR that touches a path outside blueprint. The principle averts the failure
mode in which one agent’s mistake silently corrupts another agent’s working state. The worst outcome any
misbehaving agent can produce is a rejected patch, never a poisoned PR.

Context management. All inter-agent communication flows through the on-disk Lean blueprint and the
GitHub PR/issue stream. There is no scratch memory, no shared in-RAM channel, no out-of-tree file written
by one agent and read by another. The principle averts cross-agent context bleed : with no hidden channel, an
agent that misbehaves cannot poison another agent’s context, and a Codex auto-compaction that wipes one
agent’s window does not corrupt anything any other agent will run on.

4 Experiments
We test LeanMarathon on two research papers (Barreto et al., 2026; Alexeev et al., 2026) on Erdős problems.
Each input is the paper’s LaTeX source together with a separate file of canonical target statements; each
output is a Lean blueprint in which every proof node is proven (Section 2). The harness formalized all seven
target theorems across the two papers, covering four Erdős problems (#1051, #1196, #164, #1217), with no
sorry and under the seven-check CI contract of Section 3.3. It discharged 258 lemmas and theorems in

total. Aristotle (Achim et al., 2025), the only commercial Lean agent we could access, failed on both papers
after tens of hours.

4.1 Two research papers for evaluation
We chose two papers that are recent, research-level, and AI-assisted in their genesis. Difficulty rules out
competition-style targets: both papers are analytic number theory with multi-page estimates, not some tricks.
AI provenance makes formalization the decisive artifact: both proofs were discovered with AI help, and an
AI-discovered proof is exactly the case where a machine-checked formalization, rather than prose, is the
guarantee that the argument is correct.1

Erdős–Graham irrationality (Barreto et al., 2026). This paper answers Erdős Problem #1051, posed
by Erdős and Graham in 1980 (Bloom, 2026): a double-exponential growth condition forces

∑
n 1/(anan+1)

to be irrational. The headline case was solved autonomously by the agent Aletheia (Gemini Deep Think), one
of four Erdős problems DeepMind reported solving autonomously in December 2025 (Feng et al., 2026). We

1In the broader Erdős-problem sweep that produced one of our targets, DeepMind reported that of 200 candidate solutions
marked correct or incorrect, only 6.5% were “meaningfully correct” (Feng et al., 2026). This gap is what a sorry -free Lean
proof closes.
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Table 2: Formalization outcomes. Proof nodes counts lemma and theorem declarations; definitions are
global context. The Prim row includes the 59-node #1196 blueprint reused as its seed.

Erdős–Graham #1196 #164 & #1217
Metric ( ErdosGraham ) ( Erdos1196 ) ( Prim )

Target theorems 4 1 2
Lean lines 8,513 3,988 14,592
Nodes (def / lem/ thm) 39 / 106 / 5 15 / 43 / 1 57 / 144 / 3
Proof nodes 111 44 147
Remaining sorry 0 0 0
Status complete complete complete

stress that #1051 is the easy part. Its d = 2 golden-ratio instance follows from a short Borel-peak argument;
the depth of the paper lies in two later results that we also formalize. The general irrationality theorem fixes
a weight tuple w, defines a growth threshold cw as the unique positive root of a polynomial Pw, and proves
irrationality of a weighted series via Mahler’s criterion, a local-peak selection lemma, and a three-regime tail
analysis. The construction theorem is its sharp negative counterpart: for every C > 1 it builds an integer
sequence whose weighted sum is rational, through a non-constructive nested-interval covering argument. The
original question already drew formalization attention, but these two generalizations were unformalized.

Primitive sets and von Mangoldt chains (Alexeev et al., 2026). This paper introduces a method,
suggested by output of GPT-5.4 Pro, that bounds Erdős sums of primitive sets using Markov chains with von
Mangoldt weights on the divisibility poset. The single method resolves several conjectures at once. We target
three. Erdős–Sárközy–Szemerédi #1196 (a 1966 conjecture) asserts f(A) ≤ 1 +O(1/ log x) for a primitive set
A ⊆ [x,∞), sharpening the previous record of ≈ 1.399 to the conjectured constant 1. The Erdős Primitive Set
Conjecture #164 asserts f(A) ≤ f(N1) = 1.6366 . . . . Erdős–Sárközy–Szemerédi #1217 produces an infinite
divisibility chain inside any set of positive doubly-logarithmic density. The proofs use the sub-invariance of
the doubly-harmonic weight under the von Mangoldt chain, Mertens-type estimates, and the monotonicity of
the Dirichlet eta function. This paper is a strong reference point because parts of it were already formalized
by others: #1196 by Math Inc.’s Gauss agent in roughly 4,000 lines of Lean (Math, Inc., 2026), and #164 by
Boris Alexeev using Codex (Alexeev et al., 2026). Conjecture #1217 had not been formalized by anyone.

4.2 Setup
We ran the harness three times; every agent runs on Codex (GPT-5.5-xhigh, 258K, read-only, no web access).
For Erdős–Graham, one run ( ErdosGraham 2) formalizes all four target theorems. For the primitive-sets
paper we split the work into two runs to test incremental development : whether a finished formalization
can be extended by adding targets to the problem file and rerunning the harness, rather than starting over.
A first run ( Erdos1196 3) formalizes #1196. We then seed a second repository ( Prim 4) with the final
#1196 blueprint, add #164 and #1217 to the target statements, and rerun the harness; both build on the
#1196 infrastructure. Each run receives only the paper source and the target statements; success means
the main branch reaches a state where every blueprint proof node carries a complete proof, no sorry or
sorry_using remains, and CI passes all seven structural checks (Section 3.3).

4.3 Results
Every target is formalized. LeanMarathon discharged all seven target theorems with complete, machine-
checked proofs (Table 2): every run is sorry -free, with no axiom or native_decide .

2https://github.com/YuanheZ/ErdosGraham
3https://github.com/YuanheZ/Erdos1196
4https://github.com/YuanheZ/Prim
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Incremental development works. Seeding Prim with the final #1196 blueprint, the harness reused all
59 nodes unchanged and added 145 new nodes (103 new proof obligations) to discharge #164 and #1217,
reaching 14,592 lines over 204 nodes. It extended a finished formalization to new targets rather than restarting,
confirming the incremental-development mode Section 4.2 set out to test. Across the three runs the harness
proved 258 distinct lemmas and theorems: 111 for Erdős–Graham, 44 for #1196, and 103 more for #164 and
#1217.

Formalization feedback sharpens the mathematics. The Lean compiler is not only a checker but
also can provide ground-truth mathematical signal, and the issue-to-Refiner loop turns that signal into
better mathematics. Across the three runs essentially every blocked-node issue is grounded in a concrete
formalization artifact rather than a prose disagreement, and three kinds recur. The compiler refutes false
statements: a Worker instantiates a tail estimate and collapses its conclusion to 1 ≤ 0 (issue #431), or a
two-window inequality to 4/3 ≤ 2/3 (issue #465), each forcing a corrected hypothesis. Mathlib’s totalization
conventions expose vacuous targets that prose hides: a non-summable real tsum is defined to be 0, so the
formalized #1196 bound held even for a divergent series until a Summable hypothesis was added (issue #2),
and a real limsup of an unbounded count returns 0, so the divisibility-chain density target was unsound
until it was recast in ENNReal (issue #102). And failed tactic probes together with Mathlib-absence findings
locate the missing mathematics: when positivity cannot sign the derivative of the Dirichlet eta function
and no monotonicity lemma exists (issue #16), and the naive route then reduces to a false inequality between
Gamma measures (issue #20), the Refiner is driven to the paper’s actual argument, eta monotonicity
via stochastic domination of Gamma laws. A human reads “f(A) ≤ · · · ” charitably, assuming the series
converges; the formalization does not, and that mechanized skepticism, surfaced as an issue and resolved by
the Refiner, is where much of the harness’s mathematical value lies.

The runs are autonomous. Table 3 reports the orchestration cost of each fully autonomous run. The
Erdős–Graham run took 19 rounds, launched 58 Workers and 7 Refiners, and cost $257 in GPT-5.5
API-equivalent tokens; the #1196 run took 17 rounds and $189; the #164/#1217 run was the largest, at
$624. The CI gate is selective rather than ceremonial: of the 58 Erdős–Graham Workers, 44 produced PRs
that passed all checks and merged, the rest being rejected before reaching main .

Parallel PRs never conflict. Across the three runs, 135 Worker pull requests landed on a continuously
moving main by direct squash-merge, as many as 16 in a single round’s parallel batch, and not one produced
a merge conflict. This realizes the central guarantee of the frozen editable region (Section 2.2): Workers
acting on disjoint spans produce patches that commute, so PRs land in any order without collision.

Human observation tightens the harness. We observe the agent’s working trace to constantly reshape
the design. Early Erdős–Graham runs fixed the maxHeartbeats to 0, which disables Lean’s deterministic
timeout. Reading the Worker traces, we found a strong preference for automation ( nlinarith , simp ,
aesop ) over explicit tactic scripts. With no deterministic ceiling, such a search runs until a coarse external

timeout cuts the whole build, stalling a node with no reproducible signal. We changed the header to a fixed
500K-budget, restoring a per-declaration deterministic ceiling: a runaway search now fails fast and locally
instead of exhausting wall-clock time, and the agent’s reliance on unbounded automation dropped sharply. To
make efficient proofs the path of least resistance, we gave the Worker two skills, proof-refactoring.md
and performance-optimization.md , from lean4-skills (Freer, 2025). The first refactor under the new
budget shows the effect: PR #447 replaced broad nlinarith / simp search in a peak-bound lemma with
direct order arguments and hoisted shared sub-proofs, exactly that discipline.

4.4 Case study: Erdős–Graham
The Erdős–Graham run shows where formalization effort concentrates. Its four target theorems were proven
in 19 rounds, yet every one of the 16 refinement issues fell into just two families: Proposition 9’s three-case
tail bound, the analytic core of the general theorem (8 issues, spanning all seven refiner rounds), and the
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Table 3: Orchestration statistics for the three runs, computed from the agents’ session histories. Cost is
GPT-5.5 API-equivalent ($5 / $0.50 / $30 per million input / cached-input / output tokens). Critical path is
agent compute under parallelization; times are hh:mm:ss.

Metric Erdős–Graham ESS #1196 #164 & #1217

Rounds 19 17 40
Workers launched 58 33 111
Refiners 7 6 25
Merged PRs 53 32 93

Critical path (excl. CI wait) 11:38:23 11:32:40 40:43:21
Aggregate agent active time 21:29:41 16:26:32 71:16:52
Stop-hook / CI wait time 07:15:10 02:15:33 07:05:26
Tool-call parsed wall time 10:16:25 06:16:40 49:08:03
Total tool calls 5,273 4,067 12,204

Total tokens 308M 245M 796M
GPT-5.5 API-equiv. cost $257.17 $189.43 $623.54

nested-interval covering lemma behind the construction theorem (8 issues, across 6 rounds). No other node
ever blocked. These are exactly the two results the baseline leaves unproven (Section 4.8).

The Refiner converged each family by splitting the failed node into progressively finer sub-nodes that
Workers discharged bottom-up. Most repairs corrected blueprint drift: a dyadic tail estimate that was false
as written, its hypotheses letting the right-hand logarithmic factor vanish while the finite sum stayed positive
so the claim collapsed to 1 ≤ 0 (issue #431); a Lean index convention realigned to the paper’s (issue #480);
and a strengthened statement that forced a complete proof to be downgraded to a placeholder rather than
left unsound (issue #468), the wholesale-replacement rule of Section 2.2 in action.

The run also caught a genuine gap in the published proof. In Case C of Proposition 9 the paper picks a
Borel peak R and the largest exponential failure P < R beneath it, then uses an ≥ en throughout [P+1, R+1].
But the peak condition bounds only aR+1, not aR, and Case C explicitly permits aR < eR: the chosen peak
can itself be a failure, in which case P = R and the block breaks at its lower end. A Worker flagged the
unjustified step (issue #469) and the Refiner repaired it by weakening the selection lemma to admit a
failure at the peak (PR #473), recovering the conclusion. This step is the analytic heart of the general
theorem and exactly the kind of gap a machine-checked formalization is built to surface.

4.5 Case study: #1196
The #1196 run shows the opposite pattern: one deep cascade rather than many independent defects, and no
node refiled twice. Over five successive rounds the Refiner drilled downward from the surface estimate to
the genuinely missing core, inserting one deeper upstream lemma each round. The surface node needed the
bound −ζ ′(1 + u)/ζ(1 + u) ≤ log 2/(2u − 1); that reduced to monotonicity of the Dirichlet eta function; that
reduced to stochastic domination of Gamma distributions in the shape parameter together with a Mellin
representation of η. None of these are in Mathlib, so the harness built the entire probabilistic argument the
paper compresses into a single sentence.

Once the chain reached the Mathlib-absent facts it converged with no further refinement: Workers
proved the inserted leaves in dependency order, closing the original round-one defect seven rounds later from
the bottom up. Five of the 6 refiner rounds and 6 of the eight issues targeted this one analytic spine, and the
repairs added missing lemmas rather than rearranging existing ones, since the paper states in a line what a
proof assistant needs a Gamma-coupling argument to establish. The eta-monotonicity step is precisely the
blocker the baseline could not discharge (Section 4.8).
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Table 4: The most-refiled blueprint nodes in the Prim run, with the span and number (n) of distinct
Refiner rounds that reopened each. Labels are abbreviated: the path-data, model, and reverse-Fatou nodes
form the #1217 adjoint-chain cluster ( mangoldt-adjoint-* ); the last is an EPS node ( eps-* ).

Blueprint node (abbreviated) Target Rounds (n)

kernel-path-data-exists #1217 14–28 (10)
constructed-path-data-exists #1217 13–28 (8)
random-model-exists #1217 10–28 (8)
chain-density-selection #1217 9–26 (7)
reverse-fatou-path-extraction #1217 10–26 (7)
eps-modified-chain-subinvariant #164 1–6 (4)

4.6 Case study: #164 and #1217
The Prim run is the harness’s hardest case and its sharpest illustration of the refinement loop. It ran 40
rounds and merged 93 pull requests (one Blueprinter, 66 Worker, and 26 Refiner) while filing and
closing 46 issues. It is by far the harness’s largest run: its agents spent 71 hours of active compute, 41 of
them along the critical path under parallelization, and $624 in GPT-5.5-equivalent tokens (Table 3). The two
targets behaved very differently: #164, the Erdős primitive set conjecture, was proven early, while #1217,
the divisibility-chain theorem, occupied the bulk of the run. The Refiner ran in 24 of the 40 rounds; the
last nine were refiner-free and completed the cleaned blueprint.

Drift dominates source-gaps. The Refiner classifies every illness area as drift (the blueprint diverged
from a sound source proof) or source-gap (the paper’s argument is itself incomplete); see Section 2.2. Its
reports record 32 illness areas, split 26 to 6 in favor of drift. The drift defects are telling. A Worker’s
misformalized sub-invariance statement for #164 was satisfied by the trivial identity kernel P n m = [n=m],
so it constrained nothing (issue #5). Several statements asserted a real tsum or limsup of a divergent
or unbounded quantity, which Lean silently totalizes to 0; this hid the missing summability and forced a
real-to- ENNReal reformulation of the chain-density definitions (issues #2, #33, #102). The 6 source-gaps
are where the paper compresses: the invariant-weight asymptotic the authors call “a routine calculation”
(issue #76: “not syntactic rewrites. . . substantive analytic obligations”), the occupation identity it derives by
stating that “an induction gives” the result, and Mertens’ theorem invoked as a black box (issue #127).

Hard nodes converge over many rounds. A few nodes were refiled and repaired repeatedly before
converging (Table 4). The cluster behind #1217 (an adjoint upward Markov chain, an occupation-measure
identity, a uniform second-moment bound, and a reverse-Fatou extraction) dominated; its existence lemma
kernel-path-data-exists was reopened in 10 distinct rounds. The recurrence came in two waves. Through
round 21 the Refiner pushed the construction upstream and bundled the analytic content (visit identity,
second moment, reverse Fatou) into a single path-data package, so each downstream node could project what
it needed (issue #69: “over-bundled for its position in the DAG”). At round 25 it reversed course and un-
bundled the package to match the paper’s derivation order; removing those fields invalidated four downstream
projection proofs at once, each replaced wholesale with a placeholder. Round 26 then corrected the real-
versus- ENNReal limsup semantics, and round 31 supplied the remaining analytic bridges: a measurability
fix, a hit-count moment interface, and a Mertens estimate, the run’s last source-gap. The node stabilized and
the run closed.

The discipline holds. The run produced 12 complete-proof downgrades across 7 rounds: when a parent’s
statement or type changed, the dependent proof was replaced wholesale, never partially edited (Section 2.2).
The churn stayed safe because the downgrade is mechanical, decided by the Lean compiler, not negotiated by
the agent.
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Formalization expands the compressed steps. Comparing the converged blueprint against the paper
quantifies the gap. The #1217 proof occupies about 62 lines of paper prose with no intermediate lemmas; the
blueprint discharges it in roughly 84 nodes, a sixteen-fold expansion in lemma count. The single “routine
calculation” for the von Mangoldt weight became about 14 explicit lemmas (a sum-integral interchange, a
reciprocal-zeta derivative identification, and an integration-by-parts endpoint evaluation), and the phrase “an
induction gives” became a 22-node construction of the probability space and its occupation measure. The
expansion concentrates not in the number theory the authors wrote out carefully, but at the boundary where
the paper defers to standard probability and analysis, exactly where a machine-checked proof cannot.

4.7 Ablation: which design choices matter
The Erdős–Graham paper was first attempted with an earlier version of the harness, giving a controlled
ablation on the same target. That run (PRs #46–#429) differs from the one above in exactly two design
choices, and it never finished: over roughly twelve days it filed 137 issues and restarted its blueprint about
eight times, ending with a larger file (12,910 lines) that still carried 26 sorry placeholders and none of the
four target theorems proven.

The Refiner must see the source. In the earlier harness only the Blueprinter ever read the source
proof; the Refiner saw only the blueprint DAG. Unable to separate blueprint drift from a genuine source
gap, it answered blocked nodes by inventing upstream machinery the paper never contained, and the blueprint
drifted further from the source each round. GitHub gave us enough observability to watch the run stall;
we then intervened by hand, launching two human-in-the-loop passes that were given the source proof and
tried to realign the blueprint (PRs #405, #429). They diagnosed the damage exactly, finding that the
blueprint had “drifted toward early-prefix and moving-band chain-cover machinery as if those were the source
construction” (PR #429) and that an invented predicate was “not the paper’s Case (C)” and “forced the
wrong trajectory” (PR #405), but the drift was too deep to undo. That failure motivated the redesign and a
fresh restart from scratch at PR #430, in which the Refiner reads the source proof and must classify every
defect against it as drift or source gap. The current run closed all 16 issues with 7 source-aware repairs in a
single pass.

The Worker needs a principled stopping rule. The earlier harness wrote its “cannot formalize” test
directly into the Worker spec as a budget of physical Lean lines: a node could be declared un-formalizable
once its estimated proof exceeded a fixed line count. Workers gamed this rule, filing blocked-node issues
that cited size rather than a real defect (“exceeds 1000 physical lines”), at nearly one block per Worker PR.
The current Worker spec removes every size signal. Its four-phase audit permits an issue only on a concrete
defect, e.g., a misformalized or false statement, a numerical counterexample, a Lean contradiction, or an
invalid input, and explicitly forbids filing “merely because the proof is substantial.” A proof that is merely
long, or that needs a helper the blueprint lacks, must instead be discharged inside the node’s mechanically
frozen edit region by growing a local refinement DAG, because “a missing or out-of-order upstream helper is
never a blocker.” None of the new run’s 16 issues cite size, and every one names a real defect.

Takeaway. The two changes are complementary and both necessary. A source-blind Refiner turns repair
into guesswork that compounds into drift; a budget-based Worker turns “cannot formalize” into an escape
hatch. Together they explain a twelve-day run that never converged; removing them turned the same paper
into a fast, fully proven formalization.

4.8 Baseline: Aristotle
We gave Aristotle the same inputs, the paper source and the target statements, and let it run to its own
stopping point. It failed on both papers (Table 6). On Erdős–Graham it ran seven turns over 40 hours and
delivered 751 lines with two sorry s. The two gaps are precisely the paper’s deepest content: Proposition 9,
the three-regime tail bound at the heart of the general theorem, and the nested-interval construction.
Aristotle’s own report calls both the paper’s “deepest mathematical content,” beyond what it could automate.
On #1196 it ran four times over 24 hours and delivered a 24-line file whose single theorem is a sorry ; its
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Table 5: Ablation on Erdős–Graham: the same paper under the earlier harness (Refiner blind to the source;
Worker governed by a physical-line budget) versus the current harness.

Metric Earlier harness Current harness

Outcome stalled complete
Wall-clock ∼12 days ∼3 days
Blueprint restarts ∼8 1
Issues filed 137 16

citing a line budget 14 0
Source proof given to Refiner no yes
Final Main.lean 12,910 ln, 26 sorry 8,513 ln, 0 sorry

report identifies the missing piece as the flow inequality, equivalently the monotonicity of the Dirichlet eta
function, and notes that the published proof “has been formalized in Lean by Math Inc.,” reading this as
evidence that the task “typically requires a dedicated team effort.” LeanMarathon closed exactly these gaps
autonomously, proving every target with no sorry .

Table 6: Head-to-head with Aristotle on identical inputs. Aristotle ran >40 h on Erdős–Graham and >24 h
on #1196 without eliminating its sorry s.

Erdős–Graham ESS #1196
Aristotle LeanMarathon Aristotle LeanMarathon

Targets proven 0 / 3 3 / 3 0 / 1 1 / 1
Lean lines delivered 751 8,513 24 3,988
Remaining sorry 2 0 1 0
Outcome failed complete failed complete

4.9 Failure case: the unit-distance disproof
We tried to formalize an OpenAI’s recent disproof of the Erdős unit-distance conjecture (OpenAI, 2026). The
disproof’s clever geometric trick relies deep algebraic number theory, almost none of which exists in Mathlib.
Our harness lets a proof stay incomplete only through explicit sorry placeholders and forbids assuming
results as axioms per CI gate rejects, so with that theory missing the Blueprinter had no honest foothold.
The run instead faked the number theory: it modeled a number field as a dummy record and discharged the
key step with placeholder values. This type-checks and passes CI, but proves nothing real. The run then
stalled, stuck on the same node round after round, because the later geometric steps needed real objects the
fake record could not supply, and the target was never reached. The lesson is a scope boundary, not about
formalization capability: when the hardest part lives in prerequisites the library significantly lacks, the
harness can organize the work but cannot fill the missing results since it is far away from the distribution of
proof source.

5 Conclusion
We present LeanMarathon, a long-running multi-agent harness that formalizes entire research papers into
Lean 4. Treating long-horizon autoformalization as a problem of agent durability, it decomposes a paper
into an evolving proof DAG and contains faults behind four contract-scoped agents and a deterministic CI
gate, turning one brittle multi-day run into many short, recoverable, parallel ones. On two 2026 papers
spanning four Erdős problems it formalizes all seven target theorems with no sorry , while a commercial
agent baseline fails. LeanMarathon is a step toward AI co-mathematicians whose long-running work stays
legible, recoverable, and verifiable.
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A Agent Knowledge-Store Layouts
Each agent runs in an isolated git worktree whose knowledge store is fixed before launch; it reads nothing
outside it. Figs. 6 to 9 give the four layouts, and the file roles are as follows.

Runtime. AGENTS.md is each agent’s charter: its purpose, hard boundaries, inputs, and ordered work-
flow. .codex/config.toml fixes the model, the read-only sandbox, and the exact MCP tools the agent
may call; rules/default.rules (shared verbatim) forbids git , gh , and network commands; and
hooks/ralph_wiggum_stop.py is the stop hook that blocks exit until delivery.yml records a merged

PR, polling CI and re-injecting failed-job logs (the Worker’s variant also accepts an issue as terminal). The
Target-Reviewer is single-shot and carries no hook.

Inputs and state. docs/inputs.yml lists the run’s file paths and owner / repo / branch ; it carries
proof_file , the raw source proof, only for the Blueprinter and Refiner. docs/delivery.yml is the

terminal-delivery record the stop hook validates. Each agent maintains a tiny state.md with summaries per
phase and per delivery path. Statuses are classified into none , in-progress , pass , fail , complete .
The recovery rules after an auto-compaction are explicit and ordered: if delivery is complete , exit; if exactly
one row is in-progress , resume it; if a phase is fail , jump to issue delivery; if the last execution phase
is pass , jump to PR delivery; otherwise start the earliest none phase. State never overrides the agent’s
AGENTS.md , the phase contracts, or the Lean diagnostics. The combination guarantees that no compaction

re-runs a phase that already passed, and no compaction skips a phase that already failed.

Contracts. contracts/blueprint-format.md is the @[blueprint] formatting contract the CI enforces
(a placeholder-only variant for the Blueprinter, a complete-proof variant for the Worker and Refiner);
contracts/latex-quality.md sets the prose rules with an agent-specific honesty-about-source clause. The

Worker alone also carries contracts/edit-constraints.md , which partitions the file into frozen and
editable line spans enforced by the apply-patch server, and contracts/local-refinement.md , which
governs the local helper-lemma DAG it may grow before its target.

Execution phases. docs/exec-phases/ holds one ordered TASK.md per phase: understand /
grounding / draft for the Blueprinter, a single audit phase for the Target-Reviewer,
misformalization / numeric / polish / formalization for the Worker (Fig. 3), and scope /
refine for the Refiner, whose scope phase classifies each illness area against proof_file as drift or

source gap.

Delivery and references. docs/deliver/pr.md and issue.md are the PR and issue templates; the
Target-Reviewer files only issues, the Worker may do either, and the Blueprinter and Refiner
only open PRs. grounding/SKILL.md and its worked examples drive just-in-time Mathlib retrieval; the
remaining references/ are read-on-demand know-how, including the Blueprinter’s decomposition.md
(the node-decomposition rubric) and reframing.md , the Worker’s formalization-style.md ,
lean-lsp-tools.md , proof-refactoring.md , and performance-optimization.md , and the shared
numeric-tools.md , compute.md , and pdf-reading.md .
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Blueprinter/
AGENTS.md
.codex/

config.toml
rules/default.rules
hooks/ralph_wiggum_stop.py

docs/
inputs.yml
state.md
delivery.yml
contracts/

blueprint-format.md
latex-quality.md

deliver/
pr.md

exec-phases/
understand/TASK.md
grounding/TASK.md
draft/TASK.md

references/
decomposition.md
reframing.md
discovery-example.md
api-example.md
pdf-reading.md

Figure 6: Knowledge store of the Blueprinter.

Target-Reviewer/
AGENTS.md
.codex/

config.toml
rules/default.rules

docs/
inputs.yml
deliver/

issue.md
exec-phase/

TASK.md
grounding/

SKILL.md
example/api-example.md

Figure 7: Knowledge store of the Target-Reviewer. It carries no proof_file and no PR delivery path:
it audits and files issues only.
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Worker/
AGENTS.md
.codex/

config.toml
rules/default.rules
hooks/ralph_wiggum_stop.py

docs/
inputs.yml
state.md
delivery.yml
contracts/

blueprint-format.md
edit-constraints.md
local-refinement.md
latex-quality.md

deliver/
issue.md
pr.md

exec-phases/
misformalization/TASK.md
numeric/TASK.md
polish/TASK.md
formalization/TASK.md

grounding/
SKILL.md
examples/api-example.md
examples/discovery-example.md

references/
formalization-style.md
lean-lsp-tools.md
proof-refactoring.md
performance-optimization.md
numeric-tools.md
compute.md

Figure 8: Knowledge store of the per-node Worker. The four exec-phases mirror Fig. 3;
edit-constraints.md and local-refinement.md instruct the mechanically enforced editable region.
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Refiner/
AGENTS.md
.codex/

config.toml
rules/default.rules
hooks/ralph_wiggum_stop.py

docs/
inputs.yml
state.md
delivery.yml
contracts/

blueprint-format.md
latex-quality.md

deliver/
pr.md

exec-phases/
scope/TASK.md
refine/TASK.md

grounding/
SKILL.md
examples/api-example.md
examples/discovery-example.md

references/
compute.md
numeric-tools.md
pdf-reading.md

Figure 9: Knowledge store of the Refiner. Its docs/inputs.yml carries a proof_file (the source proof)
and an issues_file ; its two exec-phases are scope (locate the illness area) and refine .
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